The gradient flow transformation can be interpreted as continuous real-space renormalization group transformation if a coarse-graining step is incorporated as part of calculating expectation values. The method allows to predict critical properties of strongly coupled systems including the renormalization group β function and anomalous dimensions at nonperturbative fixed points. In this contribution we discuss a new analysis of the continuous renormalization group β function for N f = 2 and N f = 12 fundamental flavors in SU(3) gauge theories based on this method. We follow the approach developed and tested for the N f = 2 system in arXiv:1910.06408. Here we present further information on the analysis, emphasizing the robustness and intuitive features of the continuous β function calculation. We also discuss the applicability of the continuous β function calculation in conformal systems, extending the possible phase diagram to include a 4-fermion interaction. The numerical analysis for N f = 12 uses the same set of ensembles that was generated and analyzed for the step scaling function in arXiv:1909.05842. The new analysis uses volumes with L ≥ 20 and determines the β function in the c = 0 gradient flow renormalization scheme. The continuous β function predicts the existence of a conformal fixed point and is consistent between different operators. Although determinations of the step scaling and continuous β function use different renormalization schemes, they both predict the existence of a conformal fixed point around g 2 ∼ 6.
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Introduction
Real-space renormalization group (RG) flows map out the phase structure of lattice models including properties of infrared and ultraviolet fixed points (IRFP, UVFP). Recently an interpretation of gradient flow (GF) transformations as a continuous real-space RG transformation has been proposed [1] . This opens a new way to determine the RG β function and anomalous dimensions of strongly coupled gauge-fermion systems both within and outside the conformal window. In Reference [2] we developed the steps to determine the continuous RG β function of the GF coupling illustrating the method for the QCD-like SU(3) model with 2 fundamental flavors. The new approach has several advantages compared to commonly performed step-scaling calculations. It is equally applicable for confining, conformal, or infrared free systems. In this work we extend the calculation of Ref. [2] to 12 fundamental flavors.
GF is a continuous transformation that can be used to define real-space RG blocked quantities. The coarse graining of the RG transformation can be incorporated when calculating expectation values [1] . Relating the dimensionless GF time t/a 2 to the RG scale change as b ∝ t/a 2 , the GF transformation describes a continuous real-space RG transformation. In particular, expectation values of local operators, like the energy density, are identical with or without coarse graining and describe at flow time t/a 2 physical quantities at energy scale µ ∝ 1/ √ t. We sketch typical RG flows on the chiral m = 0 critical surface in an asymptotically free gauge-fermion system in the left panel of Fig. 1 . g 1 refers to the relevant gauge coupling, while g 2 indicates all other irrelevant couplings. The Gaussian FP (GFP) and the renormalized trajectory (RT) emerging from it describe the cut-off independent continuum limit. The RT is a 1-dimensional line. A dimensionless local operator with non-vanishing expectation value can therefore be used to define a running coupling along the RT. The simplest such quantity in gauge-fermion systems is t 2 E(t) , the energy density multiplied by t 2 ∝ b 4 . This is the quantity proposed in Ref. [3] to define the gradient flow renormalized coupling g 2 GF . Numerical simulations are performed with an action characterized by a set of bare couplings. If this action is in the vicinity of the GFP or its RT, the typical RG flow approaches the RT and follows it as the energy scale is decreased from the cut-off towards the infrared as indicated by the blue lines. RG flows starting at different bare couplings approach the RT differently. However, once the irrelevant couplings have died out, they all follow the same 1-dimensional renormalized trajectory and describe the same continuum physics. At large flow time, irrelevant terms in the lattice definition of E(t) die out as well and g 2 GF approaches a continuum renormalized running coupling. Its derivative is the RG β function
The RT of chirally broken systems continues to g 1 → ∞, whereas conformal systems have an IRFP on the RT that stops the flows from either direction. It was suggested that the IRFP of conformal systems is accompanied by a UVFP [4 -6] . The latter requires the emergence of a new relevant operator, possibly a 4-fermion interaction. In the right panel of Fig. 1 , we sketch a possible phase diagram for this case 1 . We show only the relevant g 1 coupling of the gauge-fermion system and include G, the coupling of the 4-fermion Nambu-Jona-Lasinio (NJL) interaction [7, 8] . The NJL model has a second order phase transition separating chirally symmetric and broken phases at g 1 =0. Lattice studies indicate that for g 1 > 0 at least initially the phase transition remains continuous [9 -11] . At some point it might turn first order but the phase transition must persist as it separates distinct phases. A UVFP could sit on the continuous region of this phase separating surface and be connected to the IRFP as indicated. Since the phase transition of the un-gauged NJL model does not depend on the number of fermions, it is conceivable that the phase separating surface remains far from the G = 0 gauge fermion system. This might imply a sharp turn of the RT making the numerical study of the "backward flow" particularly challenging.
The above discussion and the definition of the β function in Eq. (1.1) is valid in infinite volume. In our approach we extrapolate L/a → ∞ at fixed t/a 2 which also sets the renormalization scheme c = √ 8t/L = 0. The continuum limit of the β function is obtained at fixed g 2 GF while taking t/a 2 → ∞. In QCD-like systems this automatically forces the bare gauge coupling towards zero, the critical surface of the GFP. In a conformal system the bare gauge coupling is tuned to zero in the weak coupling regime, whereas in the strong coupling "backward flow" regime it should be tuned to the phase separating critical surface. Specifically, once the GF coupling and its derivative are determined, the continuous β function calculation proceeds in two steps: A) Infinite volume extrapolation at every GF time: the leading order corrections at small GF values are (a/L) 4 . We restrict the flow time such that the finite volume corrections are well described by the leading behavior.
B) Infinite flow time extrapolation at every g 2 GF : this step removes irrelevant operator contributions (cut-off effects) and plays the role of the a/L → 0 continuum limit extrapolation of the step-scaling function approach.
Step A) is new in the continuous β function approach but is compensated by other advantages. Most importantly the flow time in the continuous β function calculation is independent of the volume and can be kept small. This significantly reduces statistical errors.
Numerical details
Our lattice studies of both 2 and 12-flavor SU(3) systems are based on gauge field configurations generated with tree-level improved Symanzik gauge action and chirally symmetric Möbius domain wall (DW) fermions with stout smeared gauge links. We generate configurations using Grid [12, 13] with am = 0 bare mass and chose the DW 5th dimension large enough to ensure that the residual mass is am res < 10 −5 . Details of the N f = 2 configurations are discussed in Ref. [2] . The N f = 12 analysis uses configurations generated for the step-scaling study published in Refs. [14, 15] . We have implemented three different flows, Wilson (W), Symanzik (S), and Zeuthen (Z), in Qlua [16, 17] and three different operators Wilson plaquette (W), clover (C), and Symanzik (S) to estimate the energy density [18, 19] . Our data analysis is performed using the Γ-method [20] which is designed to estimate and account for autocorrelations.
The GF coupling is defined as
The normalization ensures that g 2 GF matches the MS coupling at tree level, and the term 1/(1 + δ ) corrects for the gauge zero modes due to periodic gauge boundary conditions [21] . 2 2.1 N f = 2
We generate 16 3 × 64, 24 3 × 64 and 32 3 × 64 gauge field ensembles at 10 bare gauge coupling values (β ≡ 6/g 2 0 = 8.50, 7.00, 6.20, 6.00, 5.60, 5.20, 5.00, 4.90, 4.80, 4.70) using periodic boundary conditions in space, antiperiodic in time for the fermions. All ensembles are in the chirally symmetric regime, i.e. above the finite temperature phase transition. This choice allows us to run the simulations with am = 0 and covers the coupling range g 2 GF 7.0.
A) Infinite volume extrapolation: The L/a → ∞ limit has to be taken at fixed t/a 2 and g 2 GF . The finite volume effects depend on t/L 2 and at leading order are proportional to t 2 /L 4 . We restrict the GF time in our analysis such that the leading order contribution describes the data well. First we determine g 2 GF (t) and its derivative on every ensemble, then interpolate β (g 2 GF (t); L) for each lattice volume with a 4th order polynomial. This predicts the finite volume β function as the function of the renormalized coupling. The top panels of Fig. 2 show both the lattice data and the interpolations at t/a 2 = 2.2 and 4.2 (a 2 /t = 0.455 and 0.238) for the ZS combination. Using the predicted β (g 2 GF ) values we extrapolate in (a/L) 4 to the infinite volume limit. The lower panels of Fig. 2 show this for several g 2 GF at the same GF time as the top panels. We find that finite volume effects are negligible at small flow time and remain small even at t/a 2 = 4.2. As a consistency check we compare extrapolations using all three volumes to extrapolations using the two largest B) Infinite flow time extrapolation: The continuum limit of the continuous β function at fixed g 2 GF is predicted in the t/a 2 → ∞ limit. The range of t/a 2 values in the extrapolation has to be chosen with some care. The minimum flow time must be large enough for the RG flow to reach the vicinity of the RT where all but at most one irrelevant operators are suppressed. The maximum flow time is restricted by the requirement that the finite volume dependence follows the leading order a 4 /L 4 dependence. Any change of the continuum limit prediction due to varying the minimal or maximal flow time values can be incorporated as systematical uncertainty.
The functional form of the flow time dependence of β (g 2 GF ) is expected to be (t/a 2 ) α/2 where α < 0 is the scaling dimension of the least irrelevant operator. Around the GFP α = −2 and we find that our data is well described by a linear a 2 /t dependence for t/a 2 2.0. We show two examples of continuum extrapolation at g 2 GF = 3.2 and 4.8 in Fig. 3 . In both cases we fit the data (filled symbols) in the range 2.00 ≤ t/a 2 ≤ 3.64 (0.500 ≥ a 2 /t ≥ 0.274). While the flow time t is a continuous variable, in practice we evaluate g 2 GF (t) with finite step-size ε = 0.04 and choose to dilute the data in ∆t = 0.12 intervals.We perform uncorrelated fits though correlations in t could easily be accounted for in a bootstrap or jackknife analysis. Once sufficiently large flow times are reached, the lower flow times in the fit range impact only the size of the uncertainties in the continuum limit and the largest value of the coupling g 2 GF which can be reached on a given data set. In Figure 3 we compare continuum limit extrapolations obtained using Zeuthen flow with Wilson plaquette (ZW), Symanzik (ZS), and clover (ZC) operators. We consider two different infinite volume extrapolations, using all three volumes or only the largest two. For illustration we show additional data at larger flow time using open symbols. The excellent agreement of the different extrapolations at the a 2 /t = 0 limit is a strong consistency check of the GF time range and the infinite volume extrapolation.
It is worth to point out that the Zeuthen flow, Wilson plaquette operator combination (green symbols in Fig. 3) show very little cut-off dependence and the data are nearly constant in a 2 /t. This is true for both g 2 GF shown in Fig. 3 as well as other values we have investigated. The ZS combination also has relatively small cut-off effects, but it is growing steadily as g 2 GF increases.
The continuous β function: The Wilsonian RG description suggests that lattice simulations at a single bare coupling can predict, up to controllable cut-off corrections, a finite section of the RG β function. In practice, the finite lattice volume limits the range where the infinite volume β function is well approximated. In the left panel of Figure 4 the colored data points show the predictions for the RG β function from raw ZS lattice data without infinite volume or continuum extrapolation. They trace out a single curve with overlapping predictions from different bare gauge couplings. The result of the full ZS analysis is shown by the gray band in Fig. 4 which is in close agreement with the raw data. The continuum limit predicted by different flow/operation combinations are consistent as shown in the right panel of Figure 4 . In the N f = 2 system the coupling predicted by Zeuthen flow and Symanzik operator shows only small cut-off effects in the range of g 2 GF 6.0 as is already evident from the continuum extrapolations shown in Fig. 3 . The raw ZW lattice data show even smaller cut-off effects and completely overlap with the gray band of the full analysis. The continuous β function approach predicts the running of the renormalized coupling in a transparent way where cut-off and finite volume effects are clearly identifiable.
N f = 12
The analyses of the continuous β function with 12 fundamental flavors closely follows the steps discussed above. The 12 flavor system has received a lot of attention but the predictions of its β function are inconsistent [22 -31, 14, 15] . The β function is very small, so even small systematical errors can have a significant effect. At the same time, the RG structure can change suddenly when the conformal IRFP emerges as the sketch in Fig. 1 implies. The continuous β function analysis is a new and partially independent approach that can shed light on the origin of the controversies. We use the ensembles generated for the step scaling study published in Refs. [14, 15] . These (L/a) 4 .00, 5.20, 5.50, 6.00, 6.50, and 7.00 have antiperiodic fermion boundary conditions in all four directions. In the analysis we only include the L/a = 20, 24, 28 and 32 sets, though in the infinite volume extrapolation we also show data from L/a = 16 configurations. From the preliminary analysis we show in the following only results using Zeuthen flow.
A) Infinite volume extrapolation: Figure 5 shows details of the infinite volume extrapolation. Since the β function is small, finite volume effects are more noticeable than in the N f = 2 study. Taking advantage of additional volumes, we consider the infinite volume limit restricted to L/a ≥ 24 or L/a ≥ 20. L/a = 16 data are shown in Fig. 5 only for further illustration of finite volume effects. Since the slowly varying β function is small, we show the infinite volume extrapolations using two panels in Fig. 5 . The upper panel has an extremely small range in β to show different extrapolations at weak coupling (g 2 GF < 4.0), while the lower panel presents the stronger coupling range with a larger scale. Although the downward slope in the upper panels is resolved, the absolute variation is tiny. B) Infinite flow time extrapolation: Figure 6 shows two examples of the continuum a 2 /t extrapolations. While the scaling exponent of the leading irrelevant operator is expected to change as we move away from the GFP, we cannot resolve such an effect. Fits using the form (t/a 2 ) α/2 predict α ≈ −2.0 with large uncertainties such that the fit is consistent with α = −2.0. Simultane- ous fits to two or three of the W, S, Z operators could provide sufficient information to resolve the scaling exponent. We will report on such an analysis in the future. Using a linear fit in the range t ∈ (2.20, 3.4), we predict consistent continuum limit values from W, S and C operators.
Similar to the N f = 2 case, the Wilson operator shows the smallest cutoff effects. The cyan/green data points are flat at both g 2 GF values. The clover operator has significantly larger cut-off corrections than the Wilson or Symanzik operators, rendering the continuum limit prediction from the ZC combination to be the least reliable of the three.
The continuous β function: Figure 7 shows our predicted RG β function based on Zeuthen flow. In the left panel we include the raw data from the ZW flow/operator combination at GF time t 2 /a ∈ (2.20, 3.4). The β function of the N f = 12 system is small, thus the renormalized g 2 GF gauge coupling changes very slowly with the flow time. As a result the raw data in Fig. 7 explore a very small range in g 2 GF at any given value of the bare coupling β ≡ 6/g 2 0 . There is a more pronounced fluctuation in β (g 2 GF ) visible mostly due to the very small scale of the plots. As is predicted in Fig. 6 , the ZW data show only small cut-off effects resulting in raw data which are very close to the continuum limit predictions. The ZS combination has larger cutoff corrections, approaches the continuum predictions from above but exhibits also a somewhat larger reach in g 2 GF . While the raw Figure 6 : Representative a 2 /t → 0 continuum limit extrapolation for N f = 12 at g 2 GF = 3.5 (left panel) and g 2 GF = 5.5 (right panel). We show results for two infinite volume extrapolations and three operators, fitting filled symbols in the range 2.20 ≤ t/a 2 ≤ 3.44 (0.455 ≥ a 2 /t ≥ 0.299). The (uncorrelated) fits are independent but predict consistent a 2 /t = 0 continuum values. In the panel on the right, we compare different continuum limit predictions using Zeuthen flow and the W, S, C operators as well as extrapolations based on L/a ≥ 20 or 24. In addition to our nonperturbative results, we show predictions based on perturbation theory at 2-, 3-, 4-, and 5-loop order.
data of the 12-flavor system does not offer the same description of the continuous β function as we have seen in the 2-flavor case, it still offers intuition on how the continuum limit is approached.
It is worth mentioning that the β function predicted by the raw ZW flow increases with flow time up to 6/g 2 0 ≤ 4.25 but changes direction, i.e. decreases towards more negative values for 6/g 2 < 4.25. This qualitative change could indicate that the influence of a possible nearby UVFP is getting strong on the RG flows.
In the right panel of Fig. 7 , we compare continuum predictions obtained using Zeuthen flow and the three different operators S, W, C. In general we observe very good agreement between the three flow/operator combinations shown, although ZC exhibits larger discretization errors as well as a shorter reach in g 2 GF than ZS or ZW. In addition we check for finite volume effects by restricting the infinite volume extrapolations to volumes with L/a ≥ 20 or L/a ≥ 24. Again we observe that our results are consistent and we cannot resolve finite volume effects.
Discussion
We presented a method based on a real-space RG transformation with continuous scale change to determine the continuous RG β function. The validity of the approach relies on the nonperturbative Wilsonian RG transformations and is equally valid in the vicinity of the perturbative Gaussian FP, strongly coupled conformal IRFP or possible emerging UVFP both in conformal or infrared free systems.
First we outlined the steps of determining the continuous β function and validated the method in 2-flavor QCD. Subsequently we followed the same steps to analyze existing GF data for the 12 flavor system. Results based on Zeuthen flow and Wilson plaquette, Symanzik and clover operators are consistent and predict an IRFP around g 2 GF = 6. The value of the FP is scheme dependent. The continuous β function corresponds to c = 0 renormalization scheme, the value of the FP is however similar to our determination in the c = 0.250 gradient flow step-scaling scheme [15] . An advantage of the continuous RG transfromation is the possibility to resolve the scaling dimension of the irrelevant operators around a non-perturbative fixed point. In the N f = 2 system we found the scaling dimension α = −2.0, consistent with the expectations around the GFP. At present we are not able to resolve any difference in the strong coupling regime. In the N f = 12 flavor system our preliminary analysis predicts α = −2.0 with large errors which we expect to reduce in the future with a more sophisticated analysis. A similar method to determine the continuous β function from lattice data generated at finite mass in chirally broken systems is discussed in Ref. [32] . resource stampede2. This research also used resources of the National Energy Research Scientific Computing Center (NERSC), a U.S. Department of Energy Office of Science User Facility operated under Contract No. DE-AC02-05CH11231. We thank Fermilab, Jefferson Lab, NERSC, the University of Colorado Boulder, TACC, the NSF, and the U.S. DOE for providing the facilities essential for the completion of this work.
